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Sector element for analysis of thick cylinders exposed to internal pressure
and change of temperature

The strain-based approach for development of a sector in-plane finite element defined in
the polar coordinate system is applied in the paper. The element is used for determining
the plane state in elastic area. The developed element has three degrees of freedom
in each node. The performance of this element was tested through analysis of thick
cylinders exposed to internal pressure and change of temperature. The efficiency of the
element was established, and the convergence of results for stresses and displacements
of this element was shown to be faster compared to other elements.
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Prethodno priopcenje

Asma Bouzriba, Cherif Bouzrira

Sektorski element za analizu debelih cijevi izloZenih unutarnjem tlaku i promjeni
temperature

U radu je primijenjen deformacijski pristup za razvoj sektorskog ravninskog konacnog
elementa definiranog u polarnom koordinatnom sustavu. Element se koristi za
odredivanje ravninskog stanja u podrucju elasti¢nosti. Razvijeni element ima tri stupnja
slobode u svakom €voru. Ponasanje ovog elementa ispitano je kroz analizu debelih cijevi
izlozenih unutarnjem tlaku i promjeni temperature. Utvrdena je efikasnost elementa
i pokazano je da se primjenom ovog elementa postiZe brza konvergencija rjesenja
priizraunavanju naprezanja i pomaka nego u slucaju primjene drugih elemenata.

Klju€ne rijeci:

sektorski element, rotacija u ravnini, pomaci krutih tijela, ravninsko stanje, elasticnost, temperatura

Vorherige Mitteilung
Asma Bouzriba, Cherif Bouzrira

Sektorelement zur Analyse starker Rohre unter Innendruck und
Temperaturveranderung

In dieser Arbeit wird das Verformungsverfahren angewandt, um ein in Polarkoordinaten
definiertes finites Sektorelement zur Analyse in der Ebene im elastischen Bereich zu
entwickeln. Das eingeflihrte Element hat drei Freiheitsgrade in jedem Knotenpunkt.
Das Verhalten des Elements wurde durch Analysen starker Rohre unter Innendruck und
Temperaturveranderung erfragt. Die Effizienz des Elements konnte festgestellt werden
und bei seiner Anwendung wurde eine schnellere Losungskonvergenz bei der Berechnung
von Spannungen und Verschiebungen erzielt, als bei dem Einsatz anderer Elemente.

Schlisselworter:
Sektorelement, Rotation in der Ebene, Verschiebung von Starrkérpern, Zustand in der Ebene, Elastizitét,

Temperatur
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1. Introduction

The strain based approach has recently been cited in literature
[1-3] with respect to the development of new finite elements,
in which the displacement field can be obtained by strain
integration. For plane stress problems, the simplest element
shapes are obviously the triangle and rectangle with three
or four nodes, respectively. However, for problems with
curved boundaries, the use of triangular element means that
the curved boundary has been approximated by a series of
straight line segments. Furthermore, with some sophisticated
elements being developed today, the error introduced by
this approximation may well be the limiting factor in some
solutions. Hence, the need for elements with curved boundaries
is justified. The first attempt was made by Ergatoudis et al. [4]
who introduced the isoperimetric approach. But, for problems
with circular boundaries, it is convenient to use a sector
element having a system of polar coordinates. Raju and Rao [5]
developed a sector element having the only essential degrees of
freedom by using polynomial expressions for the displacement
field. More recently, Sabir et al. [6, 8], and Bouzrira et al. [9] used
the strain-based approach to develop the sector element with
two and three degrees of freedom per corner node.

The strain based approach is used in this paper to derive a new
sector element in a system of polar coordinates possessing two
translational degrees of freedom, and the inplane drilling rotation.
The element is first tested for the case of bending of a curved bar.
Once the results obtained showed a good performance, this element
was used for the study of a thick cylinder under pressure and
temperature constraints. The analysis of cylinder under temperature
constraints has never been tested before using this approach.

2. Derivation of displacement function for sector
element

For plane elasticity problems in a system of polar coordinates r
and 6, the strain displacement equations are:

& =oulor (1)
1

59:?6v/69+u/r (1.b)
1

y,é,:;au/69+av/ar7v/r (1.0)

Where: ¢, ¢,and y are direct and shearing strains, while uand v
are displacements in the rand @ directions, respectively.

If these three strains are made equal to zero, we can integrate
the resulting three differential equations to obtain the
expressions for the displacement field corresponding to the
rigid body movement. Hence:

U, =cosf a,+sind a, (2.3)

Vg =—sinf a,+cosf a, +ra,

(2.b)

Where the constants a, and a,represent the rigid body
translational movements in the rand@ directions, respectively,
and a, represents the inplane rotation.

(p=1/2(—;6u/60+6v/6r+v/r) (3)
Hence:
P =2, (4)

The displacements function for this sector element should
contain twelve independent constants. Three constants
are required to represent the rigid body displacements. The
remaining nine constants are available for expressing the
displacements due to the straining of the element.

r, - internal radius
r, - external radius

Figure 1. Sector element in polar coordinates

Hence:

e, =a,+2ra;+0a,,+3r’a,
or® ,
ggzas+rasf—3 a; +0ag +r2a, (5)

o r’o? o
Vg =@ +t—8———8+—a, —2/’&12
r r
These strains given in Egs. (5) satisfy the compatibility equation:

627r9
or 06

2 2
06 06 508 05 A0 _g (6)
o0 or or or r 06

1
p

Egs. (5) are then substituted into Egs. (1) and the resulting

differential equations are integrated to obtain the displacement

functions as given below:

(7.a)

u,=ra, +(1+r3as +(1+0r)a,, +r'a,

402 )2 2
v, =-rfa, +roa;—0a, —%aa +%a9 —[%Jra]am —rlog(r)(a,, —a,)-2ra,, (7. b)
392 2 2
&, :—HaA+Has—2%ae+[%+log(r)]a7 —522'9 a, +%39*(1+%+£+|Og(r)ja‘o —-3ra,, (7, C)
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The final displacement functions are obtained by adding the
corresponding expressions for u, v and ¢ from Egs. (2) and (&)
to Egs. (7).

The nodal displacement vector can be written in matrix form:

{u}=[Cl{A} (8)

where, {A} is the constant parameters vector and [C] is the
transformation matrix as given in the Appendix.

[k*]=[c"T | n[Bl [D][B]rdrde|[c]=[c"T [K][Cc']  (9)

where, [D] is the rigidity matrix and [B] is the strain matrix.

A
[jdrdo =1 [ det[J]d¢dn (10)
214
[k*J=[c"T [ 11r(8] [D][E]detilacan [[c] )
214
000 0 1 02r 0 0 0 0 3 0
[B]=sf0o 0 0 0 1 r © -53’3 o o r 0| (12
000 0 0 o & 4 0204 & o
r 2 r

3. Thermoelasticity

For a two dimensional problem, the constitutive law of
thermoelasticity for an isotropic material is:

o, &, 1
o, =[D]ie, t-[D] aT 11 (13)
TrH 7r6 0

where:

T -temperature gradient
a - thermal expansion coefficient.

1Tv O
[D1]=%v 1.0 (14)
00 v
2
g/’
& 1=[BI[C] (U} (15)
Vro

Nodal force due to temperature gradient is given as follows:

1 1

(F}= [C"]T [EIRE) aT{1 }rdrde = [c"]T {f ]V[B]T D] ark }detJdﬁdq} (16)
0 o 0

For a steady state flow, if T is the temperature on the inner

surface of the cylinder and the temperature on the outer surface

is zero, the temperature T at any distance r from the centre is

represented by the expression [10]:

T=Wlog(b/r) (17)

4. Numerical validation

To validate the level of accuracy and computational efficiency
obtained with the developed element, several distinct examples
for plane elasticity problems are presented.

4.1. Curved bar bending by applying force at the end

The first example is that of the two dimensional elasticity
problem of a curved plate subjected to two equilibrating
radial shearing forces, as shown in Figure 2. To obtain a set
of comprehensive results, a considerable range of values of
b/ais considered. From symmetry, only half of the annulus
is analysed, and the results are compared with those
obtained in references [7-S] and with the elasticity solution
given by Timoshenko [10].

u=03
E = 200 kN/mm?

_——

Figure 2. Annulus subjected to radial shear
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Figure 3. Convergence of u, (b/a = 3)
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Figure 4. Convergence of u, (b/a = 2)
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Figure 5. Convergence of u,(b/a = 1.3)
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Figure 6. Convergence of shearing stress t at "F"

Figures 3, 4 and 5 give the convergence curves for the
radial deflection at “"A" (see Figure 2) for b/a = 3, 2 and 1.3,
respectively. This result gives better results than the others
elements.

Figures 6 and 7 give convergence curves for shearing and radial
stresses at "F" (see Figure 2) for the case of b/a = 2. The present
element was found to vield better results for radial stress when
a coarse mesh is used.
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Figure 7. Convergence of o, at "F"

4.2, Study of thick cylinder subjected to internal
pressure and temperature

The second problem to be considered is that of thick cylinder, as
shown in Figure 8. Due to rotationally symmetric behaviour of
the problem, only one quarter of the cylinder is considered for
the finite element idealization.

E =200 kN/mm?

v=03
a=12-10%/K
T,=100°C

P =1 kN/mm?

=

Figure 8. Thick cylinder internal

temperature

subjected to pressure and

4.2.1. Cylinder under pressure only

The computed results for the radial deflection, the radial and
tangential stress at mid point along the radial section (r =30 mm),
are presented in Figures 9 to 11, which show good agreement
of the results obtained by the commercial program Cast3M [11].
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Figure 9. Convergence of vat r =30 mm
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Figure 10. Convergence of 5 at r =30 mm
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Figure 11. Convergence of c at r=30 mm

The analysis was performed for the cylinder discretized by
increasing the number of finite elements. An example is shown
in Figure 12.
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Figure 12. Discretisation of cylinder
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Figure 13. Variation of v under internal pressure
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Figure 14. Variation of 5, under internal pressure

These figures show that convergence to the exact solution is
obtained even when a coarse mesh is used. This illustrates a
high degree of accuracy obtained from others elements.

GRADEVINAR 67 (2015) 6, 547-555

551




Gradevinar 6/2015

Asma Bouzriba, Cherif Bouzrira
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Figure 15. Variation of 5, under internal press

4.2.2, Cylinder under temperature on

ure

ly

Figures 16, 17, and 18 give convergence curves of radial
deflection, the radial and tangential stress at r = 30 mm of
the cylinder under temperature, as compared with theoretical
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Figure 16. Convergence of vat r=30 mm
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Figure 17. Convergence of o, at r= 30 mm

values given by Timoshenko [10]. It can be seen that the present
element gives good results.
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Figure 18. Convergence of ¢, at r=30 mm
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Figure 19. Variation of vunder temperature loading
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Figure 20. Variation of o under temperature loading
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Figure 23. Convergence of ¢ at r=30 mm

GRADEVINAR 67 (2015) 6, 547-555 553



Asma Bouzriba, Cherif Bouzrira

Gradevinar 6/2015

5. Conclusion

=—2g— Theoretical
=i Fresent element

In this paper, the strain based finite element is used to develop
a sector element in the system of polar coordinates with two
translational degrees of freedoms, as well as the inplane drilling
rotation. This element can predict the stress and displacement
at any point of the cylinder subjected to combined pressure
and temperature. Numerical results of the analysis, compared
with theoretical ones and values obtained by other elements
and commercial software, show a good performance of this
element, with a great economy of computing and reduced
programming effort.

Tangential stress [kN/mm?]

08|

05|

L i 1. i . - - i L s - J
20 22 24 26 28 30 32 34 El 38 40
r[mm]

Figure 27. Variation of o, under pressure and temperature

Appendix

Components of the matrix [(] of this element are:

cosf sinf 0 n 0 4l 0 0 0 B +1 o0
4
sing cosp n o-pn o - nlog) L AT popieeen-BR 1 o
3
0 0 1 -B B -pl 12+logh) —5‘:2—2"1 B —1—%—log(rl)—2£ 1 -3
4
cosp -sinf 0 n 0 K+l 0 0 0 - B +1 w0
4
sing cosp n - B rlogln) -2 . # p-rilog(n —% 1 -2r
2 2
o o 1 5 -p L Lty -spi B 1-Biligep+L 1 -
[C}= 25 2 4 2 2n
cosp sinf 0 0 B+l 0 0 0 B, +1 B0
4
—sinf cosfp n -pn = r,log(;) _% % _ﬂ_rzlog(’"z)"ﬁ;rz 1 -27
g1 s B ik s
0 0 1 - memen =y =5 v =l _alg == I =J
p s 2, > 2(r) ﬁzrz 4 D) g(r) 2 L6}
cosfp —sinff 0 0 i+l 0 0 0 - Br, +1 B0
4
sinf cosf o, Py P B rlogh) —%"‘—L "fz ﬁ—rzlog(rz)—ﬁ; R R
3
0 0 1 B - Pi2n iilogiy B8 g el el 4 <
I 2 12 2 2,
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